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Genuine deformations of submanifolds II: 
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the conformal case 

i— » 

m . 

Abstract 

: We extend to the conformal realm the concept of genuine deformations of sub- 

Q | manifolds, introduced by Dajczer and the first author for the isometric case. Anal- 

ogously to that case, we call a conformal deformation of a submanifold M n genuine 
if no open subset of M n can be included as a submanifold of a higher dimensional 
conformally deformable submanifold in such a way that the conformal deformation 
of the former is induced by a conformal deformation of the latter. We describe the 
geometric structure of a submanifold that admits a genuine conformal deformation 
and give several applications showing the unifying character of this concept. 

o 
o 

P '. 1 Introduction 

00 ' An isometric immersion /: M n — > M. n+q with codimension q of an n-dimensional Rieman- 

nian manifold M n into Euclidean space is said to be a genuine isometric deformation of a 
given isometric immersion /: M n M. n+P if / and / are nowhere (i.e., on no open subset 
of M n ) compositions, f = F o j and / = Foj, of an isometric embedding j: M n <=— > N n+r 
into a Riemannian manifold N n+r with r > and isometric immersions F: N n+r — > ]R n+p 
and F: A^ n+r -> E n +«: 




More geometrically, an isometric deformation of an Euclidean submanifold M n is genuine 
if no open subset of M n can be included as a submanifold of a higher dimensional iso- 
metrically deformable submanifold in such a way that the isometric deformation of the 
former is induced by an isometric deformation of the latter. 
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This concept was introduced in |DFi| , where it was proved that if an isometric im- 
mersion /: M n — > M n+P and a genuine isometric deformation /: M n — > M. n+q of it have 
sufficiently low codimensions then they are mutually (isometrically) ruled, that is, M n 
carries an integrable (i-dimensional distribution D d C TM whose leaves are mapped 
diffeomorphically by / and / onto open subsets of affine subspaces of R n+P and R n+9 , re- 
spectively. The authors also obtained a sharp estimate on the dimension d of the rulings 
and proved that the normal connections and second fundamental forms of / and / satisfy 
strong additional relations. 

Besides containing several previous results on isometric deformations of submanifolds 
as particular cases, this concept has given new geometric insight on the structure of 
isometrically deformable submanifolds, showing that genuinely deformable submanifolds 
are rather special and providing an important step for extending to higher codimensions 
the classical Sbrana-Cartan theory of isometrically deformable hypersurfaces ( Sb]. |Cai| , 
[DFT] ). 

Our goal in this article is twofold. First, to extend the notion of genuine deformations 
to the conformal realm, and to give a similar description as in [DFij of the geometric 
nature of a submanifold that admits such a deformation. In particular, to provide a uni- 
fied account of several known results on conformal deformations of submanifolds. Second, 
to understand geometrically the similitude between the theories of isometric and con- 
formal deformations of submanifolds. In order to state our results we first set up some 
terminology. 

A conformal structure on a manifold M n is an equivalence class of conformal Rie- 
mannian metrics on M n . Recall that two Riemannian metrics ( , ) and ( , )' on M n are 
conformal if there exists a smooth function <p on M n such that ( , )' = ip 2 ( , ). We call 
ip the conformal factor relating the metrics ( , ) and ( , )'. Clearly, every Riemannian 
manifold has a canonical conformal structure determined by its metric. 

Given an immersion /: M n — > M m between differentiable manifolds, since conformal 
metrics on M m are pulled-back by / to conformal metrics on M n , a conformal structure 
on M m induces a conformal structure on M n , the conformal structure on M n induced 
by f. If M n is already endowed with a conformal structure, we call / conformal if such 
conformal structure coincides with that induced by /. 

A pair {/, /} of conformal immersions /: M n -> W n+P and /: M n -> R n + q will be 
referred to simply as a conformal pair. We say that the conformal pair {/, /} extends 
conformally when there exist a conformal embedding j : M n — > N n+r , with r > 1, and 
conformal immersions F : N n+r — > M. n+P and F : iV" +r — > IR n+,? such that / = F o j and 
/ = F o j; see (1). We call the (ordered) conformal pair {F, F} a conformal extension of 

{/•/!• 

The conformal pair {/, /} is said to be genuine if there is no open subset U C M n such 
that the restricted pair {f\u,f\u} extends conformally. If {/, /} is a genuine conformal 
pair, we also say that each of its elements is a genuine conformal deformation of the other. 
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A conformal immersion /: M n — > R n+P is genuinely conformally rigid in M n+,? for a 
fixed integer q > if , for any given conformal immersion /: M n — > IR n+<? , there is an open 
dense subset U C M n such that the pair {f\u, f\u} extends conformally. 

Similar definitions can be given for any ambient spaces carrying conformal structures, 
as well as for isometric immersions between arbitrary semz-Riemannian manifolds, in the 



same way as in DFi 



We say that an immersion /: M n — > M. n+P is D d - conformally ruled if M n carries an in- 
tegrable <i-dimensional distribution D d C TM whose leaves are mapped diffeomorphically 
by / onto open subsets of affine subspaces or round spheres of M n+P . Then, at each point 
x G M we have a symmetric bilinear form (3* = T X M x T X M — > T^M defined by 

f3 f (Z, X) := a f (Z, X)-(Z, X)r)(x) 

and a subspace of the normal space T^M of / at x given by 

L c D (x) = L c D (f)(x) = span{[3 f (Z,X) : Z G D d (x) and X G T X M}. 

Here oJ: TM x TM — > T^M stands for the second fundamental form of / and r/(x) for 
the normal component of the mean curvature vector of the (image by / of the) leaf of 
D through x G M n . We always work on open subsets where the dimension of L c D (x) is 
constant, in which case such subspaces form a smooth subbundle of Tj~M that we denote 

by L C D . Observe that D C J\f(P~. e± ), where N{(5) denotes the nullity space of a symmetric 
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bilinear form (3, and a subspace as a subscript means to take the orthogonal projection 
onto that subspace. 

We are now in a position to state the main result of this paper. As we will see, it 
implies or even generalizes main results in several other works, e.g. |dCD] , DF 4 , DTi 
|DT 2 | , |DT 3 | , whereas revealing their true geometric nature. 



Theorem 1. Let f: M n —>■ M n+P and f: M n — > M. n+q form a genuine conformal pair, with 
p + q < n — 3 and minjjo, q} < 5. Then, along each connected component of an open 
dense subset of M n , the immersions f and f are mutually conformally D d -ruled, with 

d> n-p- q + 3£ c D , 

and D d = Af{(3 f L± ) rWC#{ x ), where L := L%(f), L := L c D (f) and £ C D := rank L = rank L. 

Moreover, there exists a parallel vector bundle isometry T : L — > L such that ftl = LpTof3^, 
where tp is the conformal factor relating the metrics induced by f and f . 

In other words, up to an identification, the normal bundles of the immersions contain 
a subbundle L = L with the same normal connections and the same (conformal) second 
fundamental forms. On the other hand, the common conformal rulings D d of the im- 
mersions are the nullity of the (conformal) second fundamental forms on their orthogonal 
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complements L 1 - and L x . The larger is L, the bigger is d. We point out that Example 2 
in IDFjl also shows that the estimate on d in Theorem [T] is sharp. 

As a consequence of Theorem [TJ we obtain the following conformal version of the main 
result of IDFJ. We recall from [dCD] that the conformal s-nullity v^{x) of an immersion 



/: M n -> R n+P at a point x e M n is defined for 1 < s < p by 

v c s {x) = max{dim N (a f y 8 (x) - ( , )/C) : V s C T^M, ( e K}, 
where ( , }/ stands for the metric on M n induced by /. 

Corollary 2. Let f: M n — ► M. n+P be an immersion and let q be a positive integer with 
p < q < n — p — 3. Suppose that p < 5 and that f satisfies 

v c s <n + p — q — 2s — 1 for all 1 < s < p. 

For q > p + 5 assume further that v\ < n — 2(q — p) + 1. Then, any immersion 
f: M n — > W"- +q conformal to f is locally a composition, i.e., there exists an open dense 
subset V C M n such that the restriction f to any connected component U of V satisfies 
f\u = ho f\jj, where h: W C M n+P — > M n+IJ zs a conformal immersion of an open subset 
WDf(U). 

For p = q, the preceding corollary extends up to codimension p = 5 the main theorem 
of |dCD] , which ensures conformal rigidity of / in WL n+p whenever p < 4 and v c s < n— 2s — 1 
for all 1 < s < p. The latter, in its turn, is a generalization of Cartan's classical criterion 
v c s < n — 2 for conformal rigidity of hypersurfaces. Corollary [2] also generalizes the main 
result of [DT 2 1 , which deals with the special case p — 1, as well as [Si] up to codimension 5. 

If we apply Theorem [T] for p = q = 2, the estimate on d implies that t c D < 1. This 
yields d > n — 4 if £'5 = and d > n — 1 if £ C D = 1. In both cases, the conformal nullity 

= V2 °f both immersions satisfies z/ c > n — 4. Therefore, under the assumptions that 
n > 7 and ^ < n — 5 everywhere, we conclude that / is genuinely conformally rigid. 
Here, this means that if / is a conformal deformation of /, then there exists an open 
and dense subset of M n on each connected component of which either / is conformally 
congruent to / or / can be included as a submanifold of either a conformally flat or a 
Cartan hypersurface and / is induced by a conformal deformation of such hypersurface. 
This is the content of the main theorem in (DT3 . 



Clearly, Theorem [T] yields the following criterion for genuine conformal rigidity. 

Corollary 3. Let f: M n — > M. n+P be a conformal immersion and let q be a positive integer 
with p + q < n — 3 and min{p, q} < 5. If f is not (n — p — q) -conformally ruled on any 
open subset of M n , then f is genuinely conformally rigid in M. n+q . 
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Our next result gives a geometric way to construct conformal genuine pairs by means of 
isometric ones, explaining the similitude between Theorem [T] and its isometric counterpart 
in |DFi| . To do this, we need to introduce some further terminology 

Let h N+2 denote the (N + 2)-dimensional Lorentz space, and let 

V N+1 = {xeh N+2 :(x,x) = 0} 

be the light cone in JL N+2 . Fix a pseudo-orthonormal basis {eo, e%, . . . , ew+i} of h N+2 , 
that is, 

(eo, eo) = (ei, e a ) = 0, (e , e x ) = 1 
and {e 2 , . . . , ejy + i} is an orthonormal basis of the Riemannian subspace {e , ei} -1 . Then 

E N = {xeV N+1 :(x,e ) = l} 

is a model of iV-dimensional Euclidean space: the map *ff: M N — > h N+2 defined by 

n n? N 

^(x) = — e + ei + 2j ^e i+ i (2) 

i=i 

is an isometric embedding with ^(R-^) = E^. 

Given an immersion g: M n — > V 7V+1 of a differentiable manifold M n , for any positive 
/i G C°°(M n ) the map h: M n — > Y N+1 given by h = fig is also an immersion, and the 
induced metrics (,) g and ( , )h are related by ( , )h = /U 2 ( , ) g . Therefore, if ( , ) g = y? 2 ( , ) 
for some fixed metric ( , ) on M n , then h can be made isometric with respect to ( , ) by 
choosing n = ip' 1 . In particular, if g = \P o / for some conformal immersion /: M n — > 
of a Riemannian manifold, then such an /i is denoted by 1(f) and called the isometric 
light cone representative of /. 

On the other hand, if g: M n -> V JV+1 is such that #(M n ) C V N+1 \ E eo , where 
R eo = {£e : t > 0}, define C(g): M n ^ l w by $ o C(» = (#,e )~V Since * is an 
isometric immersion, it follows that g and C(g) induce conformal metrics on M n with 
conformal factor (g,eo) _1 . Clearly, g = 1(f) if / = C(g) for an isometric immersion 
g: M n — > V iV+1 of a Riemannian manifold. 

This leads to the following procedure to construct a conformal pair of immersions 
/: M n — > M n+P and /: M n — > M n+I3 : start with a Riemannian manifold iV n+1 that admits 
an isometric immersion i* 1 ': iV n+1 — > M ra+P and an isometric embedding F: N n+l — > h n+q+2 
transversal to the light cone Y n+q+1 . Then set M n := F~ 1 (F(N n+1 ) n V n+q+2 ), f = F'oi 
and / = C(F o i), where i: M n — > iV n+1 is the inclusion map. 

The following result states that any genuine conformal pair {/, /} of Euclidean sub- 
manifolds in sufficiently low codimensions is locally produced in this way from a genuine 
isometric pair {F, F} as above. 
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Theorem 4. Assume that f: M n — > M ri+P , p > I, and f: M n — > R n+9 form a genuine 
conformal pair, with p + q < n — 3 and min {p, q} < 5. Suppose further that f is nowhere 
conformally congruent to an immersion that is isometric to f . Then (locally on an open 
dense subset of M n ) there exist a Riemannian manifold N n+1 that admits an isometric im- 
mersion F'\ N n+l — > M. n+P and an isometric embedding F: N n+1 — > h n+q+2 transversal to 
the light cone Y n+q+1 , and a conformal diffeomorphism i: M n — > F~ 1 (F(N n+1 ) n Y n+q+1 ) 
such that {F', F} is a genuine isometric pair, f — F' o % and f = C(F o i). 

Notice that the assumption that / is nowhere locally conformally congruent to an 
immersion that is isometric to / is always satisfied if / is genuinely isometrically rigid in 
IR n+9 , for instance if M n does not carry any ruled open subset with rulings of dimension 
at least n — p — q. In particular, this is always the case after composing / with a suitable 
inversion of M n+P . 

For p = 1, Theorem [4] says that any hypersurface /: M n — > M n+1 that admits a 
genuine conformal (but not isometric) deformation in ¥L n+q can be locally produced as 
the intersection of an (n + l)-dimensional flat submanifold of L n+<?+2 with the light cone: 

Corollary 5. Let f:M n — > M n+1 and f:M n — > M. n+q form a conformal pair, with 
q < n — 4. Assume that there exists no open subset M n along which f is either a compo- 
sition or it is conformally congruent to an isometric deformation of f . Then, (locally on 
an open dense subset of M n ) there exist an isometric embedding F: U C M n+1 — > h n+q+2 
transversal to the light cone Y n+q+1 and a conformal diffeomorphism r: M n — > M n : = 
F-^FiU) n Y n+q+1 ) C U such that f = i o r and f = C(F o r), where i: M n -> U is the 
inclusion map. 



In the particular case q = I, the above reduces to Theorem 1 in |DTi| , which can 
be regarded as a nonparametric description of Cartan's conformally deformable hypersur- 
faces. 

Another important special case of Theorem H] occurs when q = 0. In this situation, 
we consider a conformally flat submanifold /: M n — > M. n+P , which clearly forms a genuine 
conformal pair with any conformal diffeomorphism /: M n — > U C M n onto an open subset. 
Then we recover Theorem 1 from IDF4I, which gives a geometric procedure to construct 
all conformally flat Euclidean submanifolds in low codimension: 

Corollary 6. Let f: M n — ► M n+P ; n > 5, p < n — 3 ; be a conformal immersion of a 
conformally flat manifold. Assume that the metric induced by f is nowhere flat. Then 
(locally on an open dense subset) there exist a Riemannian manifold N n+l that admits an 
isometric immersion F: N n+1 — > M. n+P and an isometric embedding F: N n+1 — > L n+2 ; and 
a conformal diffeomorphism r: M n — >■ M n := F _1 (F(A rn+1 ) PI V n+1 ) such that f = F or. 
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Our approach to study the geometric structure of a conformal pair of immersions 
/: M n — > ]R n+p and /: M n — > IR n+9 is, as usual, to fix on M n the Riemannian metric 
induced by one of the immersions, say, /, and to reduce the problem to the study of the 
isometric pair of immersions {/, /} that arises by considering the isometric light cone 
representative / of /. However, two distinct cases need to be handled separately, and a 
delicate degenerate case requires to deal with the isometric light cone representatives of 
both / and /. Therefore, as a first and main step, in the next section we extend the theory 
developed in |DFi| to isometric pairs of immersions into flat semi-Riemannian spaces. 



Before we conclude this introduction, one final remark is in order. Although we deal 
only with pairs of immersions in this paper, when studying some rigidity phenomena of 
submanifolds one is naturally led to consider sets of immersions, not only pairs. For 
instance, it was shown in Theorem 5 in |DF 2 | that the associated family {/§ : M 2n — > 
]R 2ri+2 : 9 G [0, 7r)} of a minimal nonholomorphic Kahler submanifold fo of rank two in 
codimension two does not extend isometrically, although for any 9i ^ 9 2 G [0, n) the pair 
{fo 1 ,fe 2 } does extend. Here, we say that a set {fi : M n — > : i G 1} of isometric 

(resp., conformal) immersions indexed by an arbitrary set I extends isometrically (resp., 
conformally) , when there exist an isometric (resp., conformal) embedding j : M n — > N m , 
with m > n, and a set {Fi : N m — > N™ +Pl : i G 1} of isometric (resp., conformal) 
immersions such that fi — Fj o j, for alH G /. 



2 Isometric pairs into flat semi- Riemannian spaces 

In this section, we study the structure of the tangent and normal bundles of a pair of 
isometric immersions into flat semi-Riemannian spaces. Our goal is to give conditions 
that allow the construction of isometric ruled extensions. 



2.1 Semi-Riemannian ruled isometric extensions 

In this subsection we give general conditions for the existence of isometric ruled exten- 
sions of a pair of isometric immersions into flat semi-Riemannian spaces. The proofs are 
identical to the ones for the Riemannian case (|DFij) and will be omitted. 

Throughout the paper, given a bilinear form f3: V n x U m —>■ W between finite dimen- 
sional real vector spaces, we denote by S(/3) C W the subspace spanned by the image 
of 0, that is, 

S(0) = span{/3(X, Y): X G V n and Y G U m }, 
and by M{0) C V n the (left) nullity space of (3 defined as 

AT((3) = {X G V n : (3{X, Y) = for all Y G U m }. 
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If W is endowed with a nondegenerate inner product ( , ) and T C W is a nondegenerate 
subspace with respect to ( , ), we denote (3 T = n T o /3, where ti t is the orthogonal 
projection onto T. Then 

M{Pt) = {X eV n : (P(X,Y),£) = for all Y G U m , £ G T}. 

We also denote by N(f3r) the subspace defined as above even if T is degenerate. 

Let IR™ stand for W 71 with the standard flat semi-Riemannian metric of index a. In 
particular, Rf = L m . Let /: M n -> and /: M n -> M™ +<? form an isometric pair. 

Assume that there exists a vector bundle isometry 

T: L C T/M T^M 

between nondegenerate subbundles such that 

D = N(a L ±) n N{6tix) C TM 

defines a smooth subbundle of TM and such that the pair (T, D) satisfies the following 
two conditions: 

(Ci) The isometry T is parallel and preserves second fundamental forms; 

(3) 

(C2) The subbundles L and L are parallel along D in the normal connections. 

Let 0: (TM © L) x TM L 1 x L 1 be the bilinear form given by 

<t>{Y + £,X)= ((V*(Y + £)) L x, (Vx(y + T0) M ) , (4) 

where V stands for the connections of both and and assume further that the 

vector subspaces 

A := M{4>) C TM © L 

have constant dimension on M n . By condition (Ci), the vector bundle isometry defined 
as T = /©T: f^TMQL — > f*TM@L is parallel with respect to the connections induced 
by the Euclidean ambient spaces. It follows that T |a: A — > A is a parallel vector bundle 
isometry, and hence, we may identify A with A. 

Lemma 7 ( |DFi| ). The distribution D C A is integrable and A D TM = D holds. 

Consider the vector bundle ir: A = A — > M n determined by the orthogonal splitting 
A = D © A, and define F': — > M™ +p as the restriction of the map 

AG A w /(7r(A)) + A (5) 

to a tubular neighborhood A r of the 0-section j: M n A r C A of A along which F is an 
immersion. Similarly, define F: N — > Henceforth, L -1 and A will be understood as 

vector bundles over N G A by means of ^(A) = ^(^(A)) and A(A) = A(7r(A)). 
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Proposition 8 ([DF]])- The immersions F' and F are isometric A-ruled extensions of 
f and f . Moreover, there are smooth orthogonal splittings 

T^N = C®L ± and T±N = £®L ± (6) 
and a vector bundle isometry T: C — > L such that 

A=N{a F ^)nN{6cl x ), (7) 
and the pair (T, A) satisfies conditions (Ci) and (C2) in 

Observe that if the ruled extensions F' and F are trivial (i.e., dimiV = n) then / and 
/ are themselves D-ruled. 



2.2 Construction of the pair (T, D d ) and the estimate on d 

In this subsection we show how to construct a pair (T, D d ) satisfying conditions {C\) and 
(C2) in ([3]) for a pair of isometric immersions /: M n — > R" +p and /: M n — > R^ +9 , and we 
obtain an estimate on d. We follow closely the strategy in IDF1J for the case a = = b. 



Here, however, two distinct cases arise, depending on whether a certain nondegeneracy 
condition is satisfied or not. The degenerate case requires several modifications in the 
arguments of [DF]], which will be carried out in Subsection 2.2.2 only in the case that is 
needed for our study of conformal pairs of immersions into Euclidean space. 

Given an isometric pair of immersions /: M n -> R"+p and /: M n -> R^ +9 , denote 
by a and a their respective second fundamental forms and endow the vector bundle 
TfM © Tj-M with the indefinite metric of type Op, q) given by 

(( 5 l)Ti-M®Tj-M = ( j )tt l A/ — ( 5 ITj-M- 

J J J J 

Set a © a: TM x TM -> 5(a) © S{a) C TfM © TfM. 

Definition 9. We say that the pair {/, /} as above is nondegenerate if the projections of 
n = Sl(f, /) := S(a © d) n <S(a © a) 1 C 5(a) © 5(d) onto T^M and T^M are injective. 
When this condition is nowhere satisfied, we say that the pair is degenerate. 

Notice that {/, f} is nondegenerate if both 5(a) and 5(d) are nondegenerate. In partic- 
ular, this is the case if a, b and the index of M n are all equal. 
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2.2.1 The nondegenerate case 

Assuming {/, /} to be nondegenerate, we have orthogonal splittings 

S(a) = T®T L and S(a) = T®T ± , 
where T = S(a) fl il 1 - and T = S(a) fl fi- 1 , and an isometry J: T 1 — > T 1 - such that 

fi = {( J?) ji l ):^r 1 }cr i ®f i 

and dp± = J o a r ± . From now on we identify T 1 - with T 1 - by means of J , and hence 

«p± = ar x - (8) 
Define (3: TM x TM -^r©fas/3 = a r © dip, and a vector subbundle C TM by 

=N{p). 

The vector subbundle 5 C T i (= f x ) defined by 

S = S(a\ exTM ) (9) 

satisfies = Af(a s ±) nj\f(&§±). Now, given X G TM, denote by /C(X) G A 2 (S) the 
skew-symmetric tensor given by 

and define a vector subbundle C S by 

^0= p| ker/C(X). 

XeTM 

Then, define vector subbundles L e C So and D d C as 

l/ = {5 G S : G 5 and V^<5 G 5 for all Y G 0} (10) 

and 

D d = N(a L ±) fl J\f(ai±), 
and let T: L £ — > L £ be the induced vector bundle isometry given by 

T = J\ L : L e C TfM -> 1/ C T^M. 

With these definitions, we have the following: 
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Theorem 10 ( |DFH ). Let f:M n -> and f:M n -> IR™ +9 /orm a nondegenerate 

isometric pair of immersions of a semi-Riemannian manifold with index min{a, b} . Then, 
along each connected component of an open dense subset of M n , the pair (T, D d ) satisfies 
(Ci) and (C2) in (J3J). In particular, f and f have {possibly trivial) maximal isometric 
A d+r -ruled extensions F': N n+r -> and F: iV n+r -> < r < £ ; w/mc/i form a 

nondegenerate pair and satisfy the conclusions of Proposition^ 

Moreover, if p + q < n — 1 and min {p + — a,q + a — b} < 6 i/ien 

d + r > n — p — q + 3£, (11) 

unless min {p + — a, g + a — b} = 6 and £ = in which case d + r > n — p — q + 3£ — 1. 

Remark 11. i) The hypothesis on the co dimensions in Theorem [TUI is required in a 
fundamental algebraic result needed in its proof, whose most general version is Theorem 3 
in |DF 3 | . Unfortunately, this algebraic result is false without that assumption (| DF 5 | ). 
ii) We can relax the hypothesis on the index of M by asking S in to be Riemannian. 



The proof of the above result follows exactly as those of Theorems 11 and 14 in DFi 
where of course no hypothesis on the nondegeneracy was needed since both normal spaces 
are Riemannian when both ambient spaces are Euclidean. The only extra property to 
verify is that the pair {F', F} in Theorem [10] is nondegenerate, but this is immediate 

from Proposition [H since a f L = at, cr£" = or-, a^ ± \ TMxTM = a^ ± \ TMxTM = ct( ± 



and A = Af(a^' ± ) fl Af(af 



2.2.2 The degenerate case 

In this subsection we address the degenerate case in the setting that will be needed 
for the next section, namely, for a pair of isometric immersions /: M n — > M n+P and 
/: M n — > Y n+q+1 C L n+<?+2 of a Riemannian manifold, under the assumptions that 

p + q < n — 1 and min{p, q}<5. (12) 

The main difficulty here is that the subbundle r , constructed in the preceding subsection 
for the nondegenerate case, is no longer well defined. To deal with this issue, we need to 
consider also the isometric representative of / into the light cone. 

Thus, here we assume that there is a null vector field ^ ( e <S(d) H S(a) 1 - such 
that (0, f ) e S(a © a) n S(a © a) x . Set /' = 1(f): M n -> V n+P+1 C L n+P+2 and denote 
by a' its second fundamental form. Then, the position vector fields of both /' and / are 
normal, and 

4 = M = -i, a{ o = a( o = o. (13) 
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Observe that (/', /) G S(a' © a) -1 , but (/', /) ^ «S(a' © a). Since the normal spaces of / 
have index 1, we can assume further that (/, £o) — 1- 

We will make a similar construction as in the nondegenerate case, but now for the 
pair {/', /}. The idea is to force the inclusion of the vector (/', /) in Q, despite the fact 
that (/', /) £ S(a' ©a). We then define C span{(/', /)} © S(a') © S(a) as the vector 
bundle with null fibers 

Q : = span{(/', /)} © (S{a' © a) H 5(a' © a)^) . 

Notice that, by ffT3]) and the definition of £ > we get that (e ,£o) £ ^- As before, there 
are orthogonal splittings 

span{f } © S(a') = T © T x and span{/} © 5(a) = f © f x , 

where T = S(a')nQ ± C span{/', eo} -1 and T = »S (<3^) HO- 1 - C span{/, ^o}" 1 are Riemannian, 
and an isometry J: T 1 - — > V such that 

^ = {(»),^):'?er 1 }cr 1 ®f 1 , 

with dp± = J o giving the same identification as before. Notice that J{f) = f and 
J(eo) = 6- 

The preceding ad-hoc inclusion in and T of the position vectors /' and /, re- 
spectively, despite the fact that they are not contained in the subspaces spanned by the 
images of a' and a, requires a few arguments to show that some properties of the bundles 
used in the proofs in [I)F| . which were automatic in the Riemannian case, still hold in 
our situation. We will prove these in the form of numbered claims. 

Define j3 and 6 as in the nondegenerate case, but S Cf i (= Y^) as 



5 = span{/ , }©5(a / | 



xTM 



Claim 1. The subbundle S is Lorentzian. 



Proof: As in the beginning of the proof of Lemma 13 in |DFi| , we easily check that S{(3) 
is nondegenerate. By ([12]) and Theorem 3 in [DF3] (see also Corollary 17 in |DFi| ), we 
have that dim G > n — dim S((3) > n — p — q > 0. The claim follows from the definition 
of S and the fact that /' 6 S is null, since by (|13|) . 



(a'{Z, Z),f) = -\\Zf ± 0, for all ^ Z E 6. 



(14) 



We also have that O = Af(a' s± ) fl J\f(a§x). Then, we define So, /C, L £ , T and D d just 
as before. Observe that, since /' and / are normal parallel, we obtain 



feL'c S . 



(15) 
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Claim 2. The subbundle So C S is Lorentzian. 

Proof: In our setting, the proof of Lemma 12 in |DFi| implies that the tensor JC as a map 
/C: TM -> A 2 (S) satisfies that Im K(Z) c5fl SMexTM) 1 , for all Z G 6. But since 
/' G Ker /C(Z) = (Im K,{Z)) L , we obtain that Im JC{Z) C 5 n S 1 = 0, that is, 

£(Z) = 0, for all Z G 0, 



and the statement of Lemma 12 in |DFi| holds here also. But then a'(Z, Z) G So, and 



the result follows from (TI4"j) and the fact that /' G S is null. 



By the above two claims and the antisymmetry of /C, exactly as in [DFi we have the 
orthogonal splitting 

S = So © Si, 

with Si = span{/C(X)Si : X G TM}, which is a Riemannian subbundle. Moreover, by 
Claim 2 and ffl2|) we have that dim Si < 5. 



Claim 3. The bilinear map 7 = a' Sl \e X TM satisfies Si = 5(7). 

Proof: Consider £ G Si H «S(7) ± . Hence, ^ G ^(a'lexTAf)" 1 " since So _L Si. But then 
C ± f G S , and £ G S n S x = 0. | 

Claim 4- It holds that d > 0, and the subbundle L e is Lorentzian. 

Proof: Using the previous claims, one can argue exactly as in the proof of Theorem 14 in 
|DFi| to conclude that 

d>n-p-q + 2£>0, 



bearing in mind Remark 20 part 3 in |DFi| . Now, we get from the definition of D and 



dUD applied to ^ Z G D that /' G" L L . The result now follows from the fact that 
These claims are all we need to make a straightforward check that the proofs of The- 



orems 11 and 14 in |DFi| still work in the degenerate case with the preceding definitions. 
We obtain that, along each connected component of an open dense subset of M n , the pair 
(T, D d ) for {/', /} satisfies (Ci) and (C 2 ) in and that the immersions /' and / have 
mutually A d+r -ruled isometric extensions F'\ N n+r -> L n+P+2 and F: N n+r -> L n+9+2 . 
Since /' G L £ , we have that /' G A d+r = jV(0) as in g]). Thus, by ©, both F'(N) and 
F(N) are cones, where a subset C C ]R m being a cone means that 16C implies G C 
for £ close to 1. 

Observe also that the extensions F' and JP are Lorentzian, since /' G A d+r C TN and, 
for ^ Z G D d , we get that V Z Z G A d+r and (V Z Z, f) = (a'(Z, Z),f) = -\\Z\\ 2 < 0. 
We also conclude that A d+r is strictly larger than D d © span{/'} (and is, in fact, a 
Lorentzian subbundle), hence Lemma [7] implies that r > 2. 
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Moreover, by the observation after Definition [HI the pair {F', F} is nondegenerate. 
Hence, under the codimension assumption (1121) . we may apply Theorem [TU] to {F',F} to 
conclude that 



d + r>n + r — (p + 2 — r) — + 2 — r) + 3(£ — r) = n — p — q + 3£ — 4. 

Summarizing, we have the following result: 

Proposition 12. Let f: M n -> M n+P and /: M n -> V n+9+1 C L n+9+2 /orm a degenerate 
isometric pair of immersions, and set f = 1(f)'- M n — ► V n+P+1 C L n+P+2 . Assume that 
p + q < n — 1 and mm {p,q} < 5. Then, along each connected component of an open dense 
subset of M n , the immersions f and f have mutually A s -ruled isometric Lorentzian con- 
ical extensions F':N n+r -> L n+P+2 and F: N n+r -> L n+9+2 suc/t ^a* (F', F') = (F,F) ; 

s>n-p-g + 3^-4, 2< r < £. 

Moreover, there exists a vector bundle isometry T : £}~ r — ► £'~ r satisfying the conclusions 
of Proposition 0. 



Remark 13. Theorem [TU] still holds if the pair is degenerate without the codimension 
assumption ([121) , but the proof is not completely analogous to the one in [DF7J. We omit 
it here since it is not needed for our purposes. 



3 The main result 

In this section we will prove a slightly more general version of Theorem [U We start with 
the following preliminary fact. 

Lemma 14. Let f: M n —>■ R n+P be a conformal immersion of a Riemannian manifold, 
and let f = 1(f): M n — > v n +p +1 q L n+P+2 be its isometric light cone representative. If 
f is A- conformally ruled, then the same holds for f . Moreover, the following holds: 

(i) There exists A G C°°(M) such that the conformal factor if e C°°(M) relating the 
metrics (, )/ and (,)p satisfies HessLpl^xA = A( , )/'|axA/ 

(ii) The normal components of the mean curvature vector fields r] and r( of the leaves 
of A for f and f are related by 

r ] ' = i p-\d^( V )-^ + Xf), (16) 

where £ = </? -1 eo — d(^> o f) grad(^; 
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(Hi) The symmetric bilinear forms ft = a* — ( , } jj] and ft' = a^' — ( , ) pr)' are related 
by 

ft' = ipdV(ft) + V -\Hesstp( , ) - A( , ) r )f, (17) 

where the Hessian and the gradient are computed with respect to ( , ) y . 

Proof: By Lemma 4 in [To], the second fundamental forms of / and /' are related by 

c/( , ) = d^(<pa f ( ,))-(, )K + ^'Hess ip{ , )/'. (18) 

Since /' is A-conformally ruled, there exists a normal vector field rj e TpM such that 
c^'|axA — ( ; )/'|axA ? ? / - ^ follows that there exist a normal vector field rj e Tj-M and 
A G C°°(M) such that q^|axA = (, }/|axA?7 and Hessy^AxA = A( , )/'|axA- Replacing 
into (TUD yields (TT6|) and (fTTj). I 

Theorem 15. Let f:M n — > R n+P and f:M n — > IR n+9 /orm a conformal pair, with 
p + q < n — 3 and min {p, g} < 5. Tnen (locally on an open dense subset of M n ) the pair 
{/, /} extends conformally (possibly trivially) to a mutually A s -conformally ruled pair of 
immersions F: N n+r — > R" +p and F: jV n+r ^ R"+« ; w £n 

A s = Af((3^±) njV(/3| ± ) a^d s>n-p-g + 3(£ c + r), 

where £ := L C A (F), £ := L C A (F) and £ c := rank £ = rank £. Moreover, there exists 
a parallel vector bundle isometry T: £ — > £ such that T o flj? = ip/3f, where is the 
conformal factor relating the metrics induced by F and F. 

Proof: Set / = 1(f)' M n — > Y n+q+1 C L n+I?+2 , so that {/, /} becomes an isometric pair. 
We consider separately the two possible cases: 

i) The pair {/, /} is nondegenerate. 

In this case, Theorem [10] applies and yields maximal isometric A^-ruled extensions 
F'\ Nq +To — > R n+P and F: ATq +r ° — > L n+9+2 , which form a nondegenerate pair and satisfy 
the conclusions of Proposition [HI Since / takes values in the light cone and M n is Rie- 
mannian, / can not be ruled, and thus r > 1. In particular, we have £ = £ + r > 1, 
and hence ( ITT]) gives 

s >n-p-g-2 + 3(4 + r ), 

where 4 is the rank of the subbundle L given by (flOl for the pair {F',F}, which we 
denote by £q. Moreover, F is transversal to the light cone, for A^ +r ° is Riemannian and 
F is ruled. By restricting to an open subset if necessary, we may assume that F is an 
embedding, and hence N := F~ 1 (F(Nq) H Y n+g+1 ) D M n is an (n + ro — l)-dimensional 
manifold. 
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Set F = F' o % and F = C(F o i); N — > IR n+<? , where i: N — > N is the inclusion map. 
Then {F, F} is a conformal pair, F o j = f and F o j = /, where j is the inclusion of 
M into iV, and hence {F, F} is a conformal extension of {/, /}. Moreover, F and F are 
mutually A s -conformally ruled, where s = sq — 1 and A s is the distribution on M defined 
by dF(A) = dF(A ) n FV n+<?+1 . Therefore, 

s > n - p - q + 3(£ + r), 

with r = r — 1, and hence the estimate on s will follow once we prove that £ > £ c . 

First observe that C := L C A (F o i) c £ © span{dF(?7)}, where r/(a;) G T^A/q fl F^A" is 
the normal component of the mean curvature vector at x G A" of the leaf of A s through x. 
On the other hand, we obtain from (ITT)) that d^>(C) C C © span{F oi}, hence 

d9{C) C C ® span{dF(r?)} © span{F o i}. (19) 

Now, for a unit vector Z G A, we have ap oi (Z, Z) = dF(r[). So (dF(rj), F o i) = — 1, 
since (ap oi ( , ), F o i) = — ( , ). It follows that the subspace V on the right-hand-side of 
( TT9|) is Lorentzian. Therefore, the subspace a?\I/(£) is a Riemannian subspace of V that is 
orthogonal to the null vector F o i g V, hence cM/(£) has codimension at least two in V. 
We conclude that rank C < £ , as we wished. 

We show now that 

T([3 F (Z,X)) = ip/3 p (Z,X), for Z G A, X G FN, (20) 

defines a parallel vector bundle isometry T: £ — > £ such that T o /?JT = ^/3j'. 

Extend T to a vector bundle map T\ between L\ := C © span{?7i?} C TpN and 
Ci := £ © span{?7^ oi } C T^.N by setting F^ = F and T^rjp) = r] Foi . Since r] F = 

dF'{rj) and r]p oi = dF(rj) belong to FA^, it is easily seen that T\ is also a parallel vector 

bundle isometry with A = J\f(a F ± ) fl M{a F °^) and a Fo% = T\ o a F . Moreover, since 

^i -^i ^i 1 

£ C £i, the restriction F = Fi |^: £ — > £ defines a parallel vector bundle isometry such 

that (3? oi = To/3 F . 

By (ITTj) we have 

Pop Foi = d^((p/3 F ), 

where F: F^ oi L n+9+2 — > <i\I/(Fp]R n+9 ) denotes the orthogonal projection. This implies, in 
particular, that T is well defined, and that A = J\f(/3 F j_) nJ\f(/3 F ± ). In addition, 

#oT = FoT, 

which implies by (fTTj) that T is a vector bundle isometry. Moreover, 
dm o F o [3 F = P o F o /?£ = F o fi Foi = <Nf(<pP$), 
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and therefore To^ = as desired. 

Finally, we must prove that T is parallel with respect to the induced connections. For 
£ G C and Y G TN, we have 

d9{T(V#) c ) = P(T(V&)z) = P&jfTth = P&YTfa = (PVyTOpc 

= (V Y PTO P c = (VydVTOwc = (cMVyTOwi = d*(VyT£)z: 

and the claim follows. 

ii) The pair {/, /} zs degenerate. 

By Proposition [T21 the pair {/', /} extends isometrically to mutually A^-ruled Loren- 
tzian cones Fq. iV n+ro -> L n+P+2 and F : iV n+ro -> L n+(?+2 , with 

s >n-p-g + 3£-4 (21) 

and 2 < r < £ Moreover, we have a parallel vector bundle isometry T : £q° — > £q° that 

preserves second fundamental forms, with £ = £ + r and Aq° = A/YaJj.) PI Mia^A. 

Since /' is tangent to Fq, 6q is nowhere normal to Fq. Thus, Fq is transversal to the 
degenerate hyperplane TC = 'H n +P+ 1 ■= {x G L n+P+2 : (x, eo) = 1}, and we locally define 

^n+ro-i ;= ^-i^(jv ) nH ) c j V y+r 0j A jo-i := A*°nrjVi, and ^ : = FqV, f 1 ■.= f \ Ni . 

Now, F[ is transversal to V n +p +1 ; hence we may locally define N n+r := F 1 /_1 (F 1 '(A r 1 ) fl 

yn+p+1) c N n+r -^ A * ._ A *„-l p TA T ? and F ' . = p^ p with s = Sq _ 2j 

r = r — 2. 

Since F'(N) cHf) Y n+P+1 = E n+P , there exists F: N ^ R n+P such that F' = f o F. 
On the other hand, using that (Fq, Fq) = (F , Fq), it follows that F takes values in Y n+q+1 , 
and we may define F = C(F): N — > M n+,? . Then, as in the nondegenerate case, we obtain 
that {F, F} is a conformal pair, F o j = f and F o j = f, where j is the inclusion of M 
into N, hence {F, F} is a conformal extension of {/,/}■ Moreover, F and F are mutually 
A s -conformally ruled. 

The estimate on s also follows as in the nondegenerate case. From (j2ip we have 

s = s ~ 2 > n - p - g + 3(4 + ; 

so it suffices to show that £o > As before, CJ := L C A (F') C £o © span{ dF{(rj)}, where 
T](x) G T X N\ fl F^riV is the normal component of the mean curvature vector at x G iV of 
the leaf of A s through x. On the other hand, cNf(£) C £' © span{F'}, hence 

dtf (£) C £ © span-^F^)} © span{F'}. (22) 

Arguing as before, we obtain that the subspace W on the right-hand-side of ff22|) is 
Lorentzian. Therefore, d^f(£) is a Riemannian subspace of W that is orthogonal to the 
null vector F' G W, hence it has co dimension at least two in W. 
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We claim that (12"U|) defines also in this case a parallel vector bundle isometry T: £ — > C 
such that To^ = 

Choose smooth unit vector fields £' and £ spanning Tp^N^HTptNi and Tp o N nTp N\, 
respectively, and set £1 := £ © s P an {£'} C Tj^Nx and £1 := £ © span{£} C Tp Ni. 
Extend the parallel vector bundle isometry T : Co — > £o to I\: L\ — > £1 by setting 

T 1 U =T andT 1 (e / )=e 

Now set £ 2 : = C-i © span{^/} C T^r,iV and C 2 '■= £>i © span{ry^} C T^N and extend 

T\ to T 2 : £2 — » £2 by setting T^Ia = 7\ and T 2 (riF') = VP- Since 77^/ = dF[{rj) and 

77 = dFi(i]) belong to TiVi, it is easily seen that T 2 is also a parallel vector bundle 

isometry with A* = J\f(a^ ± ) fl J\f(a^ ± ) and = T 2 o ar^. Moreover, since £ C C 2 , 

the restriction T = T 2 \c'- £ — ► £ defines a parallel vector bundle isometry such that 
By (ITTj) we have 

Pof3 p = W{tpp*) and = d# o 

This implies, in particular, that T is well defined and that A = Af(/3^ ± ) fl J\f(/3f x ). 
Moreover, 

#oT = i 3 oro#, 

which implies by (j!7p that T is a vector bundle isometry. Thus, 

#oTo^ = PoTo#o^ = Po^ = d#(¥>/9f ), 

and the claim is proved. 

The proof that T is parallel with respect to the induced connections is also analogous 
to that of the nondegenerate case. | 



4 The proofs of Theorem m and Corollary [2] 

Proof of Theorem^ If the pair {/, /} in the proof of Theorem [151 is nondegenerate, take 
the maximal isometric A d+r -ruled extensions F'\ N n+r -> R n+P and F: N n+r -> L n+9+2 , 
r > 1, of / and /, respectively, given by Theorem [TU1 

If {/, /} is a degenerate pair, let F[\ N? +r ^Hc L n+P+2 and Ff. N? +r -> L n+9+2 be 
as in the proof of Theorem [TBI for the degenerate case. Notice that r > 1, since A^[ l+r has 
dimension one less than that of the extension Fq. N£ +r ° — > L n+9+2 of /' as in the same 
proof, and r > 2. 

We claim that F' := 7T o F[ is an immersion, where n : L n+P+2 = L 2 x W n+P — > M n+P 
is the projection onto the second factor. Otherwise, N^ +r is degenerate or, equiva- 
lently, e G 7>/iVi C T F( /iV = 7> M © A (see ©). That is, there is X G TM 
such that X Q + e G A = A/"(0) as in (jl]). By ([TBI) and J7"(e ) = £o ; this implies that 
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Im d^ = Im V "*"£() 5= L. On the other hand, e is also normal to /', so e G L C So- It 
follows that £ is constant, since <i£ — — V^eo = 0. 

We conclude that / = ^ o /* for some isometric immersion /*: M n —>■ M. n+q , where 
q,. ^n+q _^ yn+g+i j g ^ e isometric embedding defined as in (j2J) with respect to 

a pseudo-orthonormal basis of h n+q+2 containing £o- Since $ =To$ for some orthogonal 
linear transformation T of L n+ ^+ 2 , it follows that 1(f) = f = vj/o/* = To^of* = Tol(f*), 
that is, 1(f) and l(f*) are isometrically congruent in L n+<?+2 . Therefore / and /* are 
conformally congruent in M n+I? . This contradicts our hypothesis and proves our claim. 

Thus, setting N = N\, also in the degenerate case we obtain maximal isometric 
A d+r -ruled extensions F'\ N n+r -> R n+P and F = Ff. N n+r -> L n+ "+ 2 , r > 1, of / and /, 
respectively. 

As in the proof of Theorem [Jj)J since F is transversal to the light cone, by restrict- 
ing to an open subset, if necessary, we may assume that F is an embedding, so that 
N = F~ 1 (F(N) n Y n+q+1 ) D M n is an (n + r - l)-dimensional manifold. As before, set- 
ting F = F' o i and F = C(F oi): N — > M n+I3 , where i: N — > N is the inclusion map, we 
have that {F, F} is a conformal pair, F o j = f and F o j = /, where j is the inclusion of 
M into A. Thus, {F, F} is a conformal extension of {/, /}. 

Since {/, /} is a genuine conformal pair, we must have r = 1, hence N = M, Foi = f 
and C(F o i) = f. A similar argument shows that any isometric extension of the pair 
{F',F} would give a conformal extension of the pair {/,/}, hence {F',F} must be a 
genuine isometric pair. | 

Proof of Corollary^- Given a conformal immersion /: M n — > M. n+q , Theorem [T5l applies 
and yields, locally on an open dense subset of M n , a (possibly trivial) conformal extension 
{F, F} of {/, /} to a mutually A s -conformally ruled pair of immersions F: N n+r — > K. n+P 
and F: N n+r —>■ ]R n+<7 , < r < p, with s > n — p — q + 3(£ c + r). It suffices to prove that 
r = p. 

First we show that L c A (f) L = {0}. Otherwise, if s' := rank L^f) 1 - > 0, we would 
have, since A C J\f(/3l c ± ), that 

A 

v c s , > s > n — p — q + 3(p — s') = n + p — q — 2s' + (p — s'), 
contradicting our assumption on v c s ,. Therefore, we have 

s > n + 2p — q. 

Now assume that r < p. Since F is A-conformally ruled, we have that ap = ( , )?|f 
on A x A for some normal vector field rjp- In particular, for any unit normal vector 
field £ G TpN we obtain that - (£,r) F )I)D, D) = 0, where D = An TM. Since 
rank D — s — r >n— (q — p) + 1, then i/^ > n — 2(q — p) + 2, and this is a contradiction 
with our assumption on v\. | 
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